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A NOISE-ROBUST FAST SPARSE BAYESIAN LEARNING MODEL
Ingvild M. Helgøy ∗ Yushu Li †
ABSTRACT
This paper utilizes the hierarchical model structure from the Bayesian Lasso in the Sparse Bayesian
Learning process to develop a new type of probabilistic supervised learning approach. The hierarchical
model structure in this Bayesian framework is designed such that the priors do not only penalize the
unnecessary complexity of the model but will also be conditioned on the variance of the random
noise in the data. The hyperparameters in the model are estimated by the Fast Marginal Likelihood
Maximization algorithm which can achieve sparsity, low computational cost and faster learning
process. We compare our methodology with two other popular learning models; the Relevance Vector
Machine and the Bayesian Lasso. We test our model on examples involving both simulated and
empirical data, and the results show that this approach has several performance advantages, such as
being fast, sparse and also robust to the variance in random noise. In addition, our method can give
out a more stable estimation of variance of random error, compared with the other methods in the
study.
Keywords Sparse Bayesian Learning · Bayesian Lasso · hierarchical models · kernel basis function · type-II maximum
likelihood
1 Introduction
1.1 Sparse Bayesian Learning
Sparse Bayesian learning (SBL) is an algorithm that can achieve parsimonious representations and probabilistic
prediction in the context of supervised learning. Supervised learning contains a set of training data {xi, yi}Ni=1, where
for i = 1, 2, . . . , N , xi ∈ RD is the i′th observation of the D-dimensional input variable, x, and yi ∈ R is the
corresponding scalar value of the output (target) variable, y. Based on the training data, we are aiming at constructing
a function f(x) that can model the underlying relationships between the input covariates x and the target variable y.
For most problems, we don’t know what f(x) is. However, we can approximate the function in a space that is linearly
spanned by a set of M basis functions:
f(x) ≈ fˆ(x) =
M∑
m=1
wmφm(x). (1)
Hence, the approximation fˆ(x) is a weighted linear sum of M basis functions. The complete set of basis functions,
{φm(x)}Mm=1, where M can be infinite, constructs the basis of a function space; some commonly used families of basis
functions are polynomials, Fourier basis and different types of kernels functions. The approximation in Equation (1)
can be in any nonlinear form, as although the formula is linear in the parameters, the basis functions can be nonlinear
and M can be large. Part of the learning process is to choose a suitable set of basis functions and the value of M , so
that we can get the best approximation of f(x).
In practical applications, the observed outputs yi are always samples from the model with additive noise, and the
Gaussian distribution is commonly utilized to model the noisy random error. Let Φ = [φ1, . . . ,φM ] be an N ×M
design matrix whose column vectors are φj = [φj(x1), . . . , φj(xN )]
>; j = 1, . . .M , w = (w1, . . . , wM )> be the
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weight vector that consists of M weight parameters, y = (y1, . . . , yN )> be the observed values of the target variable,
 = (1, . . . , N )
> be the random error vector, and IN denotes the N ×N identity matrix. Then, we have:
y = Φw + ,  ∼ N (0, σ2IN ), (2)
where σ2 is the variance of the error terms that are normally distributed under general assumptions. In the sparse learning
framework, the model (2) is usually implicitly defined such that M = N and φm(x) = K(x,xm); m = 1, . . . , N ,
where K(·, ·) is a positive definite kernel function centered at each of the training input vectors. Thus, each basis
function φm(x) corresponds to one training input vector xm. After the type of kernel function is chosen, the learning
task is then to estimate the weight parameters w = (w1, . . . , wN )> from the training data. Denoting the point estimation
of the weight parameters as wˆ = (wˆ1, . . . , wˆN )>, for a new observed input x∗, one reasonable point prediction for
the target output is: y∗ =
∑N
i=1 wˆiφi(x
∗). The key feature of the sparse learning is that a large part of the estimated
weight parameters is set to zero during the learning process. Thus, the model achieves sparsity with only few wˆi being
non-zero, and the corresponding basis functions can be used in prediction and approximation.
There already exist several studies that utilize different approaches to achieve this sparse estimation under the structure
of the model given in Equation (2) (Boser et al. 1992, Vapnik et al. 1997, Schölkopf et al. 1999, Tipping 2001, Ji
et al. 2008, Babacan et al. 2010). In the field of kernel based machine learning, the Support Vector Machine (SVM)
(Boser et al. 1992, Vapnik et al. 1997, Schölkopf et al. 1999) is one of the most popular methods. However, the
kernels in SVM must satisfy Mercer’s condition (Smola et al. 1998, Schölkopf 2001). Moreover, the SVM is purely
deterministic as the SVM output is just a point estimate. Tipping (2001) further indicated several disadvantages of SVM
and proposed a probabilistic sparse kernel learning approach in the Bayesian framework, that is called the Relevance
Vector Machine (RVM). The RVM has been widely used in various applications (see, e.g., Agarwal & Triggs 2005,
Ashburner 2007, Demir & Erturk 2007, Ghosh & Mujumdar 2008) and several extensions of the model can be found in
the literature (see, e.g., Wipf & Rao 2004, Krishnapuram et al. 2005, Schmolck & Everson 2007, Ji et al. 2008). It can
be shown that both SVM and RVM are related to Gaussian processes which are important Bayesian machine learning
models (Seeger 2000, Rasmussen & Quinonero-Candela 2005, Williams & Rasmussen 2006). The RVM utilized a
type-II maximum likelihood method (see, e.g., Bishop 2006, Williams & Rasmussen 2006) to estimate the parameters.
Furthermore, in the process of estimating the parameters, Faul & Tipping (2002) and Tipping et al. (2003) proposed a
highly accelerated algorithm that reduced the computational cost considerably. With this algorithm, the original RVM
method proposed by Tipping (2001) can be utilized for large datasets.
1.2 The Lasso and the Bayesian Lasso
In the classic linear regression setting, the Lasso of Tibshirani (Tibshirani 1996) is a L1-penalized least squares estimate
that aim to resolve the following optimization problem:
min
β
(y −Xβ)>(y −Xβ) + λ
D∑
i=1
|βi|, (3)
where X is the N ×D matrix of standardized predictors of dimension D, y is the mean-centred response vector, β is a
vector that contains the D regression coefficients and λ is a constant, called the regularization parameter. The estimates
of the coefficient parameters are the solutions of the penalized regression, and sparsity in the Lasso model is obtained
since some of the estimated parameters in β will be zero (Tibshirani 1996, Efron et al. 2004). The Lasso solution
can also be interpreted as a Bayesian posterior mode estimate when the prior for the coefficient parameters, p(β), is a
Laplace distribution (Tibshirani 1996, Friedman et al. 2001). However, the posterior mode is not the natural choice
to obtain point estimates in the Bayesian framework, since a fully Bayesian analysis would instead suggest using the
mean or median of the posterior as point estimates. A fully Bayesian model of the Lasso was later introduced by Park &
Casella (2008), where they use a conditional prior on β of the form p(β|σ2, λ). The approximation of the posterior
distribution for the coefficient parameters can, thereafter, be obtained by using the Gibbs sampler. However, almost
none of the estimated parameters from the Gibbs sampling will be set exactly to zero. Hence, the Bayesian Lasso does
not perform variable selection, thus, it is not a sparse model. Nevertheless, the Bayesian Lasso by Park & Casella (2008)
has several attractive properties when it comes to parameter and hyperparameter estimation in the Bayesian framework,
e.g., that the joint posterior distribution for β and σ2 generally has one mode instead of multiple posterior modes.
1.3 Our sparse learning method
This paper proposes a new Bayesian Lasso based method, called BLS. This method utilizes the hierarchical structure
in the Bayesian Lasso from Park & Casella (2008) with the estimation and inference procedure proposed by Tipping
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(2001), Faul & Tipping (2002) and Tipping et al. (2003) to achieve a fast sparse probabilistic learning process. The
prior distribution of the weight parameters is conditional on the variance of the random noise, as in Park & Casella
(2008). Therefore, the BLS method should be more flexible to noisy datasets. Specifically, in the BLS method the
weights are associated with independent hyperparameters, and we prove analytically that these hyperparameters will
be set to zero when the estimated values, based on the type-II maximum likelihood, is lower than a threshold. This
threshold is related to the variance of the random error, which measures the extent of the noise. Consequently, the
BLS method is robust to the noise in the dataset. The BLS is developed so that it can be used as a kernel based sparse
method under the structure of the model given in Equation (2) where M = N and the weights in w are set on each
kernel function centred at individual training inputs. We conduct a comprehensive simulation study to compare the
BLS with the two fast sparse Bayesian learning methods derived from Tipping et al. (2003) and Babacan et al. (2010).
The results indicate that the BLS generally performs better than the other two methods when the dataset is noisy and
give out more precise estimation of the variance of the random noise. The BLS method can also be adjusted to solve
optimisation problems of the form (3) where the weight coefficient β is sett to each dimension of the input variables.
The difference between the BLS method and the original Bayesian Lasso is the estimation procedure. The BLS results
in a sparse model where only the most important variables have been selected, while the Bayesian Lasso will in general
keep all variables (some variable will be small but different from zero) in the model. We include examples on empirical
data where we compare the performance of the BLS with the Bayesian Lasso and the Lasso and the result show that the
BLS is able to compete with the existing models.
The remainder of the paper is divided into the following sections: Section 2 contains a detailed description of the BLS
method, including the fast optimization algorithm and the properties of the prior distribution of the weight parameters.
Section 3 presents the results from the study where we use simulated data. In Section 4, the BLS method is used on two
medical datasets to select the most important variables, and the conclusion is presented in Section 5.
2 BLS: the Bayesian Lasso based Sparse Learning Model
When using a Bayesian approach for the regression problem in Equation (2) where M = N , the unknown weight
parameters in w and the variance of the random noise σ2 are treated as stochastic variables that have their own prior
probability distribution. The prior distribution expresses our prior belief about the values that those parameters might
take. The conditional prior in the Bayesian Lasso is utilized in BLS for the weight parameters in w:
p(w|σ2, λ) =
N∏
i=1
√
λ
2
√
σ2
e−
√
λ|wi|/
√
σ2 , (4)
which is recognised as a Laplace prior conditioning on σ2 and λ. Further, the likelihood function of the complete data
set y when using the structure of the model in Equation (2) is given by:
p(y|w, σ2) = N (y|Φw, σ2), (5)
where Φ is the kernel matrix, with matrix elements Φij = K(xi,xj), i = 1, ..., N ; j = 1, ..., N. The joint distribution
can be found by combining Equation (4) and (5):
p(y,w, σ2, λ) = p(w|σ2, λ)p(y|w, σ2). (6)
Bayesian inference is based on the posterior distribution of w given the data, p(w|y, σ2, λ). In order to find
p(w|y, σ2, λ) we would have to find its normalising integral by integrate (6) with respect to w. However, the inclusion
of the Laplace prior (4) makes the integration intractable. We therefore proceed to use a hierarchical representation of
the full model, similar to the Bayesian Lasso described by Park & Casella (2008):
p(y|w, σ2) = N (y|Φw, σ2),
p(w|τ , σ2) =
N∏
i=1
N (wi|0, τiσ2), (7)
p(τ |λ) =
N∏
i=1
λ
2
e−
λτi
2 , (8)
p(λ) =
ba
Γ(a)
(λ)a−1e−bλ,
p(σ2) =
dc
Γ(c)
(σ2)−c−1e−d/σ
2
,
3
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where we have included priors for λ and σ2, which is respectively a Gamma and an inverse Gamma distribution.
Note that the first Equation is the same as in Equation (5). The Gaussian prior in Equation (7) includes an individual
hyperparameter τi for each wi where the hyperprior for the τi is given in Equation (8). The Laplace prior (4) is now
represented by the priors in Equation(7) and (8) which follows from the Laplace distribution as a scaled mixture of
Gaussians with an exponential mixing density (Andrews & Mallows 1974).
√
v
2
e−
√
v|x| =
∫ ∞
0
1√
2piδ
e−x
2/(2δ) v
2
e−vδ/2 dδ.
Having defined the new structure of the prior, the posterior of all the parameters, given the observed data y, is
p(w, τ , σ2, λ|y)
=
p(y|w, σ2)p(w|τ , σ2)p(τ |λ)p(λ)p(σ2)
p(y)
.
(9)
Given a new test input x∗, predictions for the output y∗ can be achieved by using the predictive distribution:
p(y∗|y)
=
∫
p(y∗|w, σ2)p(w, τ , σ2, λ|y) dw dτ dσ2 dλ. (10)
However, the predictive distribution (10) must be approximated as the normalizing constant, p(y), in Equation (9) is
not possible to calculate directly. The Bayesian Lasso by Park & Casella (2008) uses a numerical approach by using the
Gibbs sampler to approximate the predictive distribution (10). This paper will utilize the type-II maximum likelihood
estimation from Tipping (2001), since we aim at a sparse estimation for w and a fast computation algorithm. As the
posterior in Equation (9) can not be found directly, we use the following decomposition:
p(w, τ , σ2, λ|y) = p(w|y, τ , σ2)p(τ , σ2, λ|y). (11)
The distribution p(w|y, τ , σ2) on the right hand side of Equation (11) can be calculated analytically by using Bayes’
rule and is a Gaussian distribution with the following mean vector and covariance matrix:
µ = σ−2ΣΦTy,
Σ = [σ−2ΦTΦ + Λ−1]−1,
where Λ = diag(τiσ2). Finally, after we get point estimates for τ and σ2, further probabilistic inference of w is
possible based on p(w|y, τ , σ2).
To estimate τ , we can search for the local maximization with respect to the individual hyperparameters τi in the second
term of Equation (11), by using the type-II maximum likelihood procedure. Furthermore, by using p(τ , σ2, λ|y) =
p(y, τ , σ2, λ)/p(y) ∝ p(y, τ , σ2, λ), we can instead maximize the joint distribution p(y, τ , σ2, λ) to get the type-II
maximum likelihood estimation of τ . This joint distribution can be obtained by integrating out w as follows:
p(y, τ , σ2, λ)
=
∫
p(y|w, σ2)p(w|τ , σ2)p(τ |λ)p(λ)p(σ2) dw
=
( 1
2pi
)N/2
|C|− 12 e− 12yTC−1yp(τ |λ)p(λ)p(σ2),
where C = (σ2IN + ΦΛΦ>). The log of p(y, τ , σ2, λ) is given by
L = −1
2
log |C| − 1
2
yTC−1y +N log
λ
2
− λ
2
∑
i
τi
+ a log b− log Γ(a) + (a− 1) log λ− bλ
+ c log d− log Γ(c)− (c+ 1) log σ2 − d
σ2
.
(12)
In the following section, we prove that this gives a sparse model since some of the τi from the type-II maximum
likelihood estimate will be set to zero. Thereafter, the corresponding weights and input vectors are pruned.
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2.1 Fast optimization algorithm
One disadvantage of the original RVM method described by Tipping (2001) is that it is computationally slow in the
maximization of the type-II likelihood. The RVM begins with all the N basis functions included in the model and
updates the hyperparameters iteratively. During the updates, some of the basis functions are pruned. However, the first
few iterations require O(N3) computations. Tipping et al. (2003) overcome this problem by introducing a Fast Marginal
Likelihood Maximization algorithm for Sparse Bayesian Models. Instead of updating the whole hyperparameter vector
τ , only a single parameter τi is updated at each iteration. This fast maximization process is utilized in many sparse
learning studies including the work by Babacan et al. (2010). In this paper, we also utilize this algorithm for the
maximization of the log-likelihood function given in Equation (12).
In order to find the derivative of L with respect to a single parameter τi, we rewrite the formula of Equation (12) as
follows:
L(τ ) =− 1
2
[
log|C−i|+ yTC−1−iy + λ
∑
j 6=i
τj
]
+
1
2
[
log
1
1 + σ2τisi
+
q2i σ
2τi
1 + σ2τisi
− λτi
] (13)
where
si = φ
T
i C
−1
−iφi, and qi = φ
T
i C
−1
−iy, (14)
and only the terms related to τ are included. The log-likelihood function L(τ ) has now been decomposed into two
parts; the first part is the log-likelihood where τi and the corresponding φi are excluded and the last one contains
the terms that involve τi. In order to obtain the above expression (13), the covariance matrix in the log-likelihood in
Equation (12) has been decomposed as:
C = σ2I +
∑
m 6=i
σ2τmφmφ
T
m + σ
2τiφiφ
T
i
= C−i + σ2τiφiφ
T
i , (15)
where C−i denotes C without the inclusion of basis function i. Further, the Woodbury identity has been used on the
expression for the covariance matrix given in Equation (15), such that the inverse of the covariance matrix is rewritten
as:
C−1 = C−1−i −
C−1−iφiφ
T
i C
−1
−i
σ−2τ−1i + φ
T
i C
−1
−iφi
,
and the determinant identity has been used to obtain the following decomposition of the determinant:
|C| = |C−i| |1 + σ2τiφTi C−1−iφi|.
These last two expressions have been inserted in Equation (12), and by considering only those terms that involve τ , we
obtain Equation (13). From this decomposition, we are now appropriately positioned to find the derivative of L(τ ) with
respect to τi, where the other parameters are considered as fixed:
dL(τ )
dτi
=
1
2
[
− si
σ−2 + τisi
+
q2i σ
−2
(σ−2 + τisi)2
− λ
]
= − (τ
2
i κ1 + τiκ2 + κ3)
2(σ−2 + τisi)2
,
where κ1 = λs2i , κ2 = s
2
i + 2siλσ
−2 and κ3 = σ−2(λσ−2 + si − q2i ). The numerator has a quadratic form while the
denominator is always positive so that dL(τ )/dτi = 0 is satisfied at
τi =
−(s2i + 2siλσ−2)±
√
Θ
2λs2i
, (16)
where Θ = (s2i + 2siλσ
−2)2 − 4λs2iσ−2(λσ−2 + si − q2i ).
When analyzing the solution given by Equation (16), we see that if q2i −si < λσ−2, then Θ2 < s2i + 2siλσ−2, and both
solutions of Equation (16) are negative. Furthermore, since L(τ )/dτi evaluated at τi = 0 is negative, the maximum
occurs at τi = 0. In the other situation, when q2i − si > λσ−2, there are two real solutions of Equation (16), one
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negative and one positive. Since L(τ )/dτi is positive when evaluated at τi = 0 and negative at τi =∞, the positive
solution from Equation (16) maximizes L(τ ). The maximum of L(τ ), when holding the remaining components fixed,
is therefore obtained at:
τi =
{−(s2i+2siλσ−2)+√Θ
2λs2i
if q2i − si > λσ−2
0 otherwise.
(17)
To estimate λ in Equation (17), we can take the derivative of Equation (12) with respect to λ and set it to zero and
obtain the following estimate:
λˆ =
2(N + a− 1)∑
i τi + 2b
, (18)
where the hyperparameters a and b can either be estimated or set to low values which results in a uniform prior for λ.
The same approach can be used to find the estimate of σ2. When we take the derivative of Equation (12) with respect to
σ2 we notice from Equation (15) that σ2 can be separated from the rest of the components in C such that C = σ2C˜,
where C˜ denotes C where the component σ2 is excluded. The final estimate of σ2 is then
σˆ2 =
y>C˜−1y + 2d
N + 2c+ 2
. (19)
In the optimization algorithm, we also have to update the expressions for si and qi in Equation (14). Instead of
computing and updating si and qi directly, one can first find the values of
Si = φ
>
i C
−1φi, Qi = φ
>
i C
−1y, (20)
and from Equation (20), we can obtain:
si =
Si
1− τiσ2Si , qi =
Qi
1− τiσ2Si .
Notice that when τi is set to zero, we get si = Si and qi = Qi. Further, the Woodbury identity will be used on
Equation (20) such that Si and Qi can be calculated from:
Si = σ
−2φ>i φi − σ−2φ>i φΣφ>φiσ−2, (21)
Qi = σ
−2φ>i y − σ−2φ>i φΣφ>yσ−2, (22)
where Σ and φ contain only those basis functions that are currently included in the model. This computation is
therefore much faster compared to if we had started out with all the N basis functions. Based on these results, we
obtain Algorithm 1.
Algorithm 1 The Noise-Robust Fast Sparse Bayesian Learning Model
1: Initialise σ2 to some sensible value (e.g. var(y) × 0.1)
2: Initialize all τi = 0, λ = 0
3: while convergence criteria are not met, do
4: Choose a τi
5: if q2i − si > λσ−2 and τi = 0 then
6: Add τi to the model
7: else if q2i − si > λσ−2 and τi > 0, then
8: Re-estimate τi
9: else if q2i − si < λσ−2, then
10: Prune i from the model (set τi = 0)
11: end if
12: Update σ2 using Equation (19)
13: Update λ using Equation (18)
14: Update Σ and µ
15: Update si and qi
16: end while
From Equation (17) and Algorithm 1, we see that the criteria for setting τi = 0 depends on λ and also the variance
term σ2. However, in order to see the true dependence more clearly, we need to rewrite qi and si since both include σ2.
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The expressions for si and qi are given by Equation (14) where we find C−i from Equation (15). By using the vector
notation, we can also write C−i as:
C−i = σ2I + Φ−iΛ−iΦ>−i
= σ2C˜−i,
where Φ−i is the N ×N − 1 design matrix where basis function i is removed, Λ−i is the diagonal matrix Λ where the
single element τi is removed, and C˜−i denotes C−i where the component σ2 is excluded. We can now decompose si
and qi to obtain
si = σ
−2s˜i qi = σ−2q˜i
where s˜i = φ>i C˜
−1
−iφi and q˜i = φ
>
i C˜−iy. The inequality from Equation (17), which decides when τi = 0, can now
be decomposed as follows:
q2i − si ≤ λσ−2,
σ−2q˜i2 − s˜i ≤ λ. (23)
Hence, we see that as σ2 →∞, τi will be set to zero since λ > 0, and the inequality from Equation (23) must hold.
Thus, we can see that in BLS, the information of σ2 is utilized to adjust the number of zero hyperparameters when we
estimate τ . If σ2 is not included, the noisy information might be confused with the real signal information such that
only a small proportion of the τis is set to zero.
2.2 Prediction
After the convergence of the learning Algorithm 1, we end up with L (L < N) non-zero τi’s and each of them
correspond to a “relevance basis function” and a related “relevance input vector” from the training data. Let τMP
denote the vector that contains those L non-zero τi’s. For a new input data x∗, we can now make predictions based on
the posterior of the weights conditioning on τMP and σˆ2. The predictive distribution (10) for the output y∗ can be
approximated by
p(y∗|y, τMP , σˆ2)
=
∫
p(y∗|w, τMP , σˆ2)p(w|y, τMP , σˆ2) dw.
This distribution is analytically tractable and is also Gaussian with the following predictive mean and predictive
variance:
y∗ = φ(x∗)µMP , (24)
σ2∗ = σˆ2 + φ(x∗)>ΣMPφ(x∗), (25)
where µMP and ΣMP are calculated by
µMP = σˆ
−2ΣMPΦTMPy, (26)
ΣMP = [σˆ
−2ΦTMPΦMP + Λ
−1
MP ]
−1. (27)
Here, φ(x∗) = [φ1.(x∗), . . . , φL.(x∗)]> and φj.(x∗) = K(x∗,xj.), j = 1, . . . , L, where xj. is the j′th relevance
input vector among the total L relevance input vectors. Furthermore, in Equations (26) and (27), ΦMP = [φ1., . . . ,φL.]
is the N × L design matrix whose column vectors are φj. = [φj.(x1), . . . , φj.(xN )]>; j = 1, . . . , L. Moreover, the
estimated diagonal matrix ΛMP with elements σˆ2τMP is an L× L matrix. Thus, µMP and ΣMP , are the estimated
posterior mean vector and covariance matrix over the weight. They contain only L non-zero elements that correspond to
those non-zero elements in τMP . In practice, the predictive mean can be used as a point prediction, and the predictive
variance can be used to construct the prediction interval.
2.3 Relation to the RVM and other sparse learning methods
The BLS method can be related to both the Bayesian Lasso proposed by Park & Casella (2008) and the RVM (Tipping
2001). The RVM is a kernel based method but the difference from the BLS is that the RVM places a zero-mean Gaussian
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prior on the weight parameters in Model (2), where each weight parameter has its own precision parameter αi. These
hyperparameters have their own hyperprior distribution that is a Gamma distribution.
p(w|α) =
N∏
i=1
N (wi|0, α−1i ),
p(α) =
N∏
i=1
Gamma(αi|a, b).
Based on this structure, Tipping (2001) shows that the underlying marginal prior, p(w), is a Student’s t-distribution
which will enforce sparsity. Tipping (2001) uses a type-II maximum likelihood procedure to obtain point estimates
for α and σ2 where some of the estimates for α will be set to an infinitely large value and the corresponding weights’
posteriors will be infinitely peaked at zero. Thus, the related basis functions will be pruned from the model.
Other forms of priors on the weight parameter have also been used. Recently, Babacan et al. (2010) utilized again a
Gaussian prior on w in a hierarchical manner where the hyperparameters τ = (τ1, . . . , τN )> are defined directly as
the variances of the weight parameters, and an exponential hyperprior is set to those hyperparameters. In this way, if
the hyperparameter τm is estimated to be zero, the corresponding weight parameter wm is also set to be zero and the
related basis function φm(x) is pruned. As explained by Babacan et al. (2010), the basic prior for w after integrating
all the hyperparameters in τ is a Laplace distribution:
p(w) =
N∏
i=1
√
λ
2
e−
√
λ|wi|.
Thus, the idea of the sparse setting in the BLS method is similar to the Fast Laplace method described by Babacan et al.
(2010). The main difference is that, by using the conditional prior in Equation (4) for the weights in the BLS model, the
criteria for letting τi = 0 will now also depend on σ2. As σ2 is a measurement of the extent of the noise in our dataset,
we expect that our method will be more robust to the data noise. In addition, our simulation will show that BLS gives a
more precise estimation for the variance. The learning approach proposed by Babacan et al. (2010) can be used in the
reconstruction of signals in compressive sensing, and we refer to Candes et al. (2004) and Donoho et al. (2006) for
more detailed algorithms. We believe the BLS can be extended in signal reconstruction in compressive sensing also.
3 The Simulation Results
In this section, we compare the proposed BLS method with the RVM described by Tipping et al. (2003) and the Fast
Laplace method by Babacan et al. (2010) by using several examples with simulated dataset. Since both Tipping et al.
(2003) and Babacan et al. (2010) utilize the fast marginal likelihood maximization to estimate the hyperparameters,
we call the method described by Tipping et al. (2003) as FRVM and the method depicted by Babacan et al. (2010)
as FLAP. When processing the learning algorithm, the noise variance σ2 is re-estimated in every five iterations as in
the simulation study by Tipping et al. (2003). Note that the estimate of σ2 in the BLS model (given in Equation (19))
differs from the estimate of σ2 in the other two models, FRVM and FLAP.
3.1 One dimensional Sinc function
We first consider the case where the dimension of the input variable, denoted as D, is one. We use the Sinc function with
f(x) = sin(x)/x. This is a benchmark function that is frequently utilized to evaluate how the kernel-based learning
methods perform (Vapnik et al. 1997, Tipping 2001, Schmolck & Everson 2007). As the choice of hyperparameters in
the kernel function also affects the result, we first utilize a hyperparameter-free univariate “linear spline” kernel as the
basis function. The univariate linear spline kernel has the following representation:
K(xm, xn) = 1 + xmxn + xmxn min(xm, xn)
− xm + xn
2
min(xm, xn)
2 +
xm + xn
3
min(xm, xn)
3.
(28)
As the Sinc function generates a very smooth signal, the linear spline kernel can approximate smooth functions without
a serious overfitting problem (Schmolck & Everson 2007). To compare the performance of BLS, FRVM and FLAP
when data are exposed to different extents of noise, we set  as the zero-mean Gaussian noise with standard deviation
σ at different levels. Figure 1 illustrates the approximation results from the three methods with σ = 0.01, 0.1 and 0.5
and N = 200. The black dots indicate the training data from the model y = f(x) +  where the x values lie within
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the interval [−10, 10]. We generate the same training dataset for all the three methods for the same value of σ. The
green line corresponds to the Sinc function f(x), which we call the signal function. The blue line is the approximation
y∗ = ΦMPµMP , where µMP from Equation (26) is the mean of the posterior for w, which only contains L non-zero
weight estimations. The location of the non-zero weighted input vectors are the red circles. The blue shaded area
corresponds to ±2 predictive standard deviations (95% confidence interval) which has been constructed by using the
prediction variance given in Equation (25).
FLAP
−10 −5 0 5 10
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0
1
2
Y
FRVM
−1
0
1
2
Y
−10 −5 0 5 10
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−1
0
1
2
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BLS
σ
= 0
.01
σ
= 0.1
−10 −5 0 5 10
X
= 0.5
σ
Figure 1: The Sinc function (green line) and its reconstruction (blue line) from the data that are generated for different
values of σ. The red dots are the relevance vectors and the black dots are the remaining data. The blue shaded area
corresponds to ±2 predictive standard deviations (95% confidence interval). The same data generation is used for all
methods to better compare them.
Figure 1 shows that when σ = 0.01, the approximations from all three methods almost overlap with the original signal.
The locations of the relevance vectors are mainly toward the end and the turning points of the signals. This means that
only the few most informative input vectors are utilized in the approximation. When σ increases to 0.5, the methods
can still capture the general form of the original signal. The BLS and the RVM manage to give a good reconstruction,
except at the boundaries, while the FLAP produces a rougher approximation.
Next, we run 100 data generations for each learning method with the value of σ = 0.01, 0.05, 0.1, 0.3 and 0.5 and utilize
several criteria to compare the approximation results for the three methods. For each generation, we get the value of
the mean squared error ||y∗ − f(x)||2/N , the number of relevant vectors L and the value of the estimated σ from the
models. Based on those 100 generations, we use MSE, NOV and σˆ to denote the average values of the mean squared
error, the number of relevance vectors and the estimated σ’s respectively, while using SD to denote the sample standard
deviation of the same values. We summarize the simulation results in Table 1.
From Table 1 we see that the average number of relevance vectors is quite stable for all the three methods. The average
MSE increases as the value of σ increases and the BLS method obtains the lowest MSE value. The values of the
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Table 1: Result from the simulation study repeated 100 times for the one dimensional Sinc function. The training data
were generated by using different values of σ for the noise. The average number of vectors used NOV, the average
mean square error MSE end the average of estimated noise standard deviation σˆ are listed along with the corresponding
sample standard deviation SD.
NOV (SD) MSE (SD) σˆ (SD)
σ FRVM FLAP BLS FRVM FLAP BLS FRVM FLAP BLS
0.01 10.34 (1.30) 14.64 (0.61) 13.06 (1.76) 0.0076 (0.030) 0.0038 (0.017) 0.00014 (0.000026) 2.28 (10.09) 0.26 (1.16) 0.029 (0.0033)
0.05 13.71 (1.66) 14.43 (1.31) 13.17 (0.70) 0.0044 (0.016) 0.022 (0.034) 0.00040 (0.00014) 2.37 (21.13) 1.27 (3.13) 0.058 (0.0038)
0.1 14.47 (1.66) 14.22 (1.25) 13.81 (1.28) 0.0072 (0.019) 0.057 (0.052) 0.0012 (0.00066) 1.57 (8.58) 11.07 (20.82) 0.10 (0.0083)
0.3 14.95 (1.60) 14.94 (1.52) 14.75 (1.94) 0.022 (0.033) 0.066 (0.048) 0.0096 (0.0080) 11.39 (60.98) 41.42 (227.20) 0.29 (0.024)
0.5 14.75 (1.59) 15.01 (1.80) 14.42 (1.94) 0.055 (0.045) 0.083 (0.045) 0.025 (0.012) 18.70 (44.00) 24.26 (66.57) 0.49 (0.038)
estimated σ from the models are also given in the table and we see that the BLS method obtains the estimates that are
closest to the real values of σ. Both FRVM and FLAP give out very biased estimation for σ.
We also run 100 data generations for each method where we keep the value of σ2 fixed in the whole algorithm, instead
of estimating it iteratively. The value of σ2 was set to var (y)× 0.1 and the result is shown in Table 2.
Table 2: Result from the simulation study repeated 100 times for the one dimensional Sinc function. The training data
were generated by using different values of σ for the noise. The average number of vectors used NOV, the average
number of mean square errors MSE are listed along with the corresponding sample standard deviations SD. A fixed
value of the variance σ2 = var(y)×0.1 is used as input to the models.
NOV (SD) MSE (SD)
σ FRVM FLAP BLS FRVM FLAP BLS
0.01 7.05 (0.22) 8.45 (0.74) 8.32 (0.55) 0.00013 (0.000027) 0.00028 (0.000046) 0.00027 (0.000038)
0.05 7.13 (0.34) 8.21 (0.77) 8.25 (0.75) 0.00038 (0.00014) 0.00053 (0.00021) 0.00052 (0.00019)
0.1 7.09 (0.32) 8.08 (0.77) 8.06 (0.74) 0.0011 (0.00045) 0.0011 (0.00053) 0.0011 (0.00053)
0.3 8.41 ( 4.26) 7.69 (1.00) 7.49 (0.78) 0.0097 (0.0038) 0.0084 (0.0043) 0.0087 (0.0042)
0.5 10.55 (8.78) 6.46 (1.38) 6.57 (1.09) 0.031 (0.020) 0.029 (0.025) 0.028 (0.018)
From Table 2 we see that the number of relevance vectors used increases as σ increases for the FRVM model, while
FLAP and BLS show an opposite behaviour. The average number of vectors used as well as the MSE values are quite
similar for the BLS and the FLAP method. In practice, it is more reasonable to estimate the variance σ2 in the dataset
thus we will only include tables for the case where we estimate σ2 in the following studies, but we obtained similar
results when we used a fixed value of σ2 and the general trend is that FLAP and BLS produces very similar outputs
when σ2 is fixed.
3.2 Two dimensional Sinc function
We now consider an example where we generate training data from the following model
yi = f(xi) +  =
sin(xi1)
xi1
+
sin(xi2)
xi2
+ , (29)
where the first dimension’s input is xi1 while the second dimension’s input is xi2; i = 1, . . . , N . They are both
uniformly spaced in [−5, 5] with an interval length of 0.3. We use the multivariate linear spline kernel, analogue to the
one dimensional given in Equation (28). We first use Figure 2 to illustrate the shape of the training data generated from
Equation (29) with σ = 0, 0.01, 0.1 and 0.5. The case σ = 0 corresponds to the data without noise and shows the true
shape of the function f(x). Figure 2 shows that when σ = 0.01, we can still see the original shape of the function,
while when σ = 0.5, the data become very noisy and lose the shape of the original image of the function. Figure 3
shows the approximation of the function f(x) by using the three methods for σ = 0.01, 0.1 and 0.5, with the red points
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Figure 2: The simulated data generated from the two dimensional Sinc function with different values of σ. The figure to
the left shows the true shape of the function, and the remainder plots shows the shape of data generated from function
with additive noise.
Figure 3: The reconstructions of the two dimensional Sinc function from the simulated data plotted in Figure 2. The red
points are the estimated outputs from the relevance input vectors.
being the estimates obtained from the relevance input vectors. Figure 3 shows, again, that when σ= 0.01, all the three
methods give out quite good approximations and can reconstruct the shape of the original function well. However,
when σ is 0.5, FRVM and FLAP give rougher approximations, while BLS gives a closer approximation. To compare
the results based on different criteria, we carry out 100 generations and show the key NOV, MSE and estimated σˆ, with
corresponding standard deviations (SD), for the three methods in Table 3. The random error’s standard deviation is set
as σ = 0.01, 0.05, 0.1, 0.3 and 0.5. From Table 3, we see that the average number of vectors used for the FLAP method
is a bit higher and also varies more compared to FRVM and BLS. The MSE and the corresponding sample standard
deviation are again lowest for the BLS method for all values of σ. The estimated values of σ are also closest to the real
values for the BLS model.
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Table 3: Result from the simulation study repeated 100 times for the two dimensional Sinc function. The training data
were generated by using different values of σ for the noise. The average number of vectors used NOV, the average
mean square error MSE end the average of estimated noise standard deviation σˆ are listed along with the corresponding
sample standard deviation SD.
NOV (SD) MSE (SD) σˆ (SD)
σ FRVM FLAP BLS FRVM FLAP BLS FRVM FLAP BLS
0.01 42.92 (2.09) 54.22 (16.45) 41.14 (2.71) 0.0030 (0.0060) 0.010 (0.010) 0.0020 (0.0050) 0.73 (3.00) 1.80 (7.57) 0.053 (0.021)
0.05 42.62 (2.77) 54.65 (20.21) 38.35 (2.97) 0.010 (0.017) 0.011 (0.010) 0.0020 (0.0010) 33.47 (224.33) 1.60 (7.091) 0.071 (0.0070)
0.1 41.78 (2.65) 57.74 (18.74) 39.39 (3.57) 0.014 (0.020) 0.016 (0.016) 0.0030 (0.0010) 292.14 (2679.40) 4.05 (14.45) 0.11 (0.0080)
0.3 41.57 (3.33) 68.88 (41.55) 40.06 (4.13) 0.024 (0.022) 0.024 (0.016) 0.010 (0.0020) 86.07 (237.43) 4.01 (9.77) 0.29 (0.011)
0.5 39.59 (4.34) 69.89 (44.45) 39.52 (4.22) 0.031 (0.016) 0.030 (0.016) 0.022(0.0050) 251.43 (2201.30) 17.29 (79.72) 0.49 (0.020)
4 BLS method for variable selection
The previous sections focus on combining the hierarchical representation in Bayesian Lasso with the type-II marginal
likelihood estimation techniques in order to achieve sample size reduction. We prune the samples where the correspond-
ing estimated weights’s variance hyperparameters are zero. This section will consider variable selection in multivariate
linear regression models. Consider the model structure in Park & Casella (2008):
y = Xβ + ,  ∼ N (0, σ2IN ), (30)
where β = (β1, . . . , βD)> is the vector of regression coefficient, y is the mean-centred response vector, and X is the
N ×D matrix of standardized regressors which contains D variables. The hierarchical structure in Park & Casella
(2008) is:
p(y|β, σ2) = N (y|βX, σ2),
p(β|τ , σ2) =
D∏
i=1
N (βi|0, τiσ2),
p(τ |λ) =
D∏
i=1
λ
2
exp−
λτi
2 .
(31)
The original Bayesian Lasso can not achieve variable selection as the regression coefficient are estimated by Gibbs
sampling and most likely will not be zero. As the hierarchical structure in Equation (31) assigns a prior to the variable
coefficient, it is naturally to consider using marginal likelihood estimation to estimate the hyperparameters and prune
the coefficients where the associated hyperparameters are zero. The algorithm to estimate β is exactly the same as in
Section 2. The only difference is that, all the Φ matrices will be X matrices and no kernel function is needed. We also
applied the structure (30) to the FRVM and FLAP models to compare the different algorithms in the following studies.
4.1 Real-world biological data sets
4.1.1 Diabetes data
We consider the diabetes data that comes from Efron et al. (2004) and was also used in a study by Park & Casella
(2008) to compare the performance of the Bayesian Lasso with the Lasso and the Ridge Regression. The response is a
measure of disease progression from 442 patients measured on 10 variables, one year after baseline. We standardize the
predictors to have zero mean and unit variance.
Table 4 compares the estimates from the FRVM, FLAP and BLS with the Bayesian Lasso (BL) and the ordinary Lasso.
For the Bayesian Lasso, it is the posterior median estimates obtained by using the Gibbs sampler, that are listed in
Table 4. The Bayesian 95% credible intervals are also given. The FLAP and BLS estimates are within the credible
intervals of the Bayesian Lasso for all variables, whereas the FRVM estimates are outside for two of the variables. Only
BLS and Lasso achieve variable selection, with the estimated coefficients to one variable in BLS and three variables in
Lasso are zero.
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Table 4: Diabetes data. The estimated coefficients of the variables are listed together with the corresponding 95%
Bayesian Credible Intervals.
Variable FRVM Bayesian CI FLAP Bayesian CI BLS Bayesian CI BL Bayesian CI Lasso
Interval (95 %) Interval (95 %) Interval (95 %) Interval (95 %)
age -0.06 (-19.33, 19.22) -4.45 (-99.99, 91.09) -7.86 (-123.54, 107.83) 1.22 (-91.89, 78.13) 0
sex -226.36 (-344.43, -108.3) -180.56 (-288.83, -72.29) -234.15 (-352.99, -115.31) -198.17 (-316.15, -107.67) -188.55
bmi 534.68 (406.14, 663.21) 553.09 (425.49, 680.69) 528.54 (399.53, 657.54) 524.32 (412.99, 628.82) 521.18
map 307.64 (186.65, 428.63) 295.48 (174, 416.96) 319.76 (192.71, 446.8) 267.93 (198.35, 416.19) 292.36
tc -527.24 (-962.06, -92.42) -220.93 (-498.53, 56.66) 0 NA -150.39 (-468.36, 73.36) -92.98
ldl 294.21 (-106.03, 694.45) 32.29 (-240.53, 305.11) -143.32 (-323.35, 36.71) -17.56 (-237.87, 229.49) 0
hdl -31.94 (-195.17, 131.28) -95.35 (-234.02, 43.33) -250.54 (-453.96, -47.12) -165.95 (-349.17, 25.27) -220.82
tch 91.1 (-89.43, 271.62) 100.51 (-71.87, 272.89) 70.53 (-223.71, 364.76) 119.3 (-97.31, 298.43) 0
ltg 676.46 (457.3, 895.62) 561.16 (385.1, 737.21) 461.81 (306.67, 616.94) 493.27 (358.08, 694.35) 508.26
glu 38.52 (-53.18, 130.22) 36.71 (-54.29, 127.71) 69.11 (-59.11, 197.32) 68.79 (-29.74, 160.68) 50.2
We would also like to compare the prediction performance, so we randomly split 80% as the training set and use the
remaining 20% as independent test set. We carry out 100 repetitions as before and report the average test MSE and
the average number of selected variables with corresponding sample standard deviation (SD). For the Lasso, we used
five-fold cross-validation to select the value of λ. The results are given in Table 5.
Table 5: Diabetes data. The data is split into 80% training data and 20% test data for 100 repetitions, where the average
test mean square error MSE and average number of variables are listed together with the corresponding sample standard
deviations.
Models MSE (SD) Variables (SD)
FRVM 3050.54 (469.96) 9.98 (0.14)
FLAP 3055.08 (337.89) 5.24 (0.49)
BLS 2960.69 (354.83) 9.88 (0.36)
BL 3009.43 (355.50) 10.00 (0.00)
Lasso 3019.11 (363.84) 8.21 (1.20)
Table 5 shows that the lowest average MSE and corresponding standard deviation is obtained from the BLS model
followed by the Bayesian Lasso. The Bayesian Lasso is not sparse and all the variables are used for each repetition. We
also see that the FLAP method is significantly more sparse than the other methods, but at the expense of a bit higher
MSE value.
4.1.2 The mammalian eye gene expression data
The data set in this study comes from the microarray experiments of mammalian eye tissue samples of Scheetz et al.
(2006). The mammalian eye gene expression data contains 120 observations with 200 predictors (20 genes for 120
samples), where both the predictors and the response is real-valued. The aim is to discover the linkage between genes
and eye diseases. When working with genetic dataset, we frequently come across to the case that the number of
predictors is much larger than the number of samples. The dimensional reduction methods are often required to deal
with this type of high dimensional problems and here we can apply the BLS method. We randomly split the data into
80% as a training set and 20% as the independent test set and carry out 100 repetitions and report the average test MSE
and the average number of selected variables with corresponding standard deviation (SD). The result is shown in Table 6
Table 6 shows that the lowest average MSE value is obtained by the Lasso followed by the BLS. The average number
of selected variables is about the same for the BLS, FLAP and the Lasso, where around 20 out of 200 variables are
selected. Although Lasso has slightly lower MSE than BLS, the SD of the number of variables is much higher. Thus we
conclude that BLS is more stable in variable selection, compared with Lasso. Once again we see that the Bayesian
Lasso is not sparse and selects all 200 variables in all the 100 simulation repetitions.
13
A Noise-Robust Fast Sparse Bayesian Learning Model A PREPRINT
Table 6: The mammalian eye gene expression data. The data is split into 80% training data and 20% test data for 100
repetitions, where the average test mean square error MSE and average number of variables are listed together with the
corresponding sample standard deviations.
Models MSE (SD) Variables (SD)
FRVM 0.018 (0.034) 27.45 (3.72)
FLAP 0.012 (0.0097) 22.54 (2.97)
BLS 0.011 (0.0045) 23.19 (2.74)
BL 0.11 (0.27) 200 (0)
Lasso 0.0083 (0.0037) 24.21 (9.95)
5 Conclusion
This paper proposes a new sparse Bayesian learning method, the BLS method, which combines the hierarchical
Bayesian framework from Park & Casella (2008) with the estimation and inference process proposed by Tipping (2001)
to achieve sparsity. While the method proposed in Park & Casella (2008) is related to feature selection of Lasso and the
RVM method by Tipping (2001) is related to the sample size reduction similar to SVM, the BLS can be used to achieve
sample size reduction and feature selection separately.
The prior distribution of the weight parameters in the BLS is conditional on the variance of the random error, which leads
to the posterior estimation of the weights parameter being adjusted by the amplitude of noise. By this conditional prior
distribution, the BLS becomes sparse and robust to datasets that are polluted by high variance noise. We demonstrate
analytically how the sparsity and robustness can be achieved when using the type-II maximum likelihood method to
estimate the hyperparameters. A fast optimization algorithm is utilized in the maximization of the type-II likelihood so
that the learning process is effective, and the whole algorithm is illustrated in detail. In the case of sample size reduction,
we compare this method with the well known RVM (Tipping 2001) as well as the method proposed by Babacan et al.
(2010), where the latter is used within the field of compressive sensing.
In the comparison, we carry out a comprehensive study with simulated datasets that include different extents of noise.
The simulation results show that the BLS method proposed in this paper is both sparse and stable to the high variance
noise. In addition, the BLS can give out a more precise estimate of the variance of the random noise, compared to the
other methods in our study. The BLS is especially suitable to achieve signal reconstructions and dimension reduction
when datasets are large and noisy. Finally, we conclude that the BLS can be easily adjusted to achieve variable selection
or dimensional reduction. This is shown in the empirical examples in Section 4, where the BLS produces low prediction
error and also stable estimation for the number of variable selected.
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